We consider the propagation of an elastic wave in a lossless serni-infmite solid of arbitrary crystalline symmetry. The nonlinear equations of motion along a given propagation direction may be transformed into the form [4] 
INTRODUCTION
The importance of nonlinearity in the description of material behavior is gaining widespread attention. Nonlinearity plays a major, if not dominating, role in a number of material properties. For example, properties that are important in engineering design such as thermal expansion or the pressure dependence of optical refraction are inherently nonlinear [1] . New assembley techniques such as the use of ultrasonic gauges to determine the loading of critical fasteners depend upon nonlinear properties of the fasteners [2] . Areas of considerable fundamental interest in nonlinearity include lattice dynamics [3] , radiation stress in solids [4, 5] , and nonlinear optics [6] .
It is well known that the distortion of an ultrasonic waveform propagating through a material is the result of material nonlinearity. From measurements of the fundamental and the generated second ham10nic it is possible to determine a defined set of nonlinearity parameters ofthe material. The determination of the nonlinearity parameters along the pure mode propagation directions in cubic crystals and in isotropic solids has led to the calculations of combinations of third-order elastic constants [7] and certain generalized Gruneisen parameters [8] for these materials. The measurements have also been related to the stress acoustic (acoustoelastic) constants and strain acoustic constants [9] which have been measured by a number of investigators [1 0, 11, 12] .
The purpose of this review is to explore the effects of material structure on the nonlinearity parameters, the implications of such a structure-dependence on those fundamental material properties that can be described in terms of the nonlinearity parameters, and provide a fresh look at quadratic nonlinearity from a measurement perspective. P~1> = A 1 cos( rot-ka) . (6) The first-order perturbation term p(2)£ is now obtained by using the zeroth-order solution in the nonlinear term on the right hand side ofEq.(l); we get 2 a~(2)
The cos2(rot-ka) term is a driving term in the inhomogeneous wave equation for p(2)£ and drives the second hannonic generation term in the solution.
The constant term in the square brackets ofEq. (7) has been the source of some controversy; it is a difference frequency, i.e. (ro-ro) = 0, component and thus suggests the existence of a generated static displacement. Some researchers [14, 19] ] have simply ignored the term, since it was not relevant to their specific research objectives. Others researchers [15, 16, 20] have considered the term in their analyses, but do not agree on the magnitude of the predicted static displacement. The essential feature of the constant term is that it is time, but not spatially, independent. Thus we can write the static component of p(2)£ as A 0 (a) and from Eq. (7) obtain the expression
The solution to Eq.(8) is intrinsically related to the problem of acoustic radiation stress. The radiation stress associated with finite amplitude acoustic waves has been a subject of considerable controversy for a large part of the present century and has challenged many of the century's leading scientists. Although Rayleigh [21] introduced the notion of acoustic radiation stress, Brillouin [22, 23] published an extensive theoretical study of the subject in isotropic solids. Brillouin's theory, while predicting the existence of an acoustic radiation stress, does not predict the existence of an acoustic radiation-induced static strain. Gol'dberg [20] argued that the radiation stress is zero and, inferentially, so is the static strain, while Chu and Apfel [24] identified an "acoustic straining" associated with the radiation stress and calculated a resulting "coefficient of acoustic expansion." The conflicting conclusions drawn from the many arguments made regarding, not just the magnitudes of the radiation stress and strain, but the mere existence of such phenomena prompted Beyer [25] to write: "It might be said that (acoustic) radiation pressure is a phenomenon that the observer thinks he understands -for short intervals, and only every now and then." Indirect experimental evidence for the existence of the static strain was first reported by Carr and Slobodnik [26] for quartz and zinc oxide, and by Cantrell and Winfree [27] for ge1manium. The first direct experimental evidence for the static strain was obtained by Yost and Cantrell [5] in single-crystal silicon and fused silica. The latter experiments were based on the theory of Cantrell [4] for solids of arbitrary crystalline structure. The theory, in addition to predicting the static strain, also predicts the existence of a nonzero acoustic (Boussinesq) radiation stress < 't > of the form
where E is the average energy density of the propagating acoustic wave. (9) We are now in a position to solve Eq.(8) for the static strain. Identifying the expression in parenthesis in Eq.(8) with the Boussinesq radiation stress of Eq.(9), we integrate Eq(8) and set the constant of integration equal to J..le-1< t >. The result predicts an acoustic radiation-induced static strain of the form
where J..le = p 0 Ce2 (p 0 is the mass density of the unperturbed medium). From Eqs. (4) and (10) the general solution ofEq. (7) is found to be 1 22 1 22
Eq.(11) suggests that measurements of the nonlinearity parameters can be obtained either from measurements of the absolute amplitudes of the fundamental and second harmonic or from absolute amplitude measurements of the fundamental and static displacement. The experimental procedures for such measurements have been described in detail elsewhere [5,7 ,28] . We note that the static displacement term in the above solution depends on the same factors as the harmonic generation term and has the same magnitude. These results have been experimentally verified by Cantrell et al. [29] .
SQUARE-LAW NONLINEARITY AND COLLINEAR BEAM-MIXING
The driving term in the inhomogeneous wave Eq.(7) produces sum and difference frequency components in the solution as the result of the differential operator o/(Ja operating on (oP(l)ef<ja)2. The factor (oP(l)ef<ja)2 results from the square-law nonlinearity of the medium acting directly on 'the fundamental wave component. We may expedite the mathematical procedure in obtaining that part of the solution p(2)e due to quadratic nonlinearity by introducing a formal operator 0
where ~is a dimensionless wave variable to be defined below and "a" is a length.
Consider now two waves, y 1 and Y2· passing collinearly through a uniform nonlinear medium, whose nonlinearity parameter is ~· Assume each wave is a sinusoidal disturbance given by
where Ay and A 0 are amplitudes, COy and co 0 are angular frequencies, and Ky and K 0 are propagation numbers. We define the dimensionless variable~ by ~=ky +ky.
Using~ in the operator expression Eq.(12), we obtain the agreement with measurements using harmonic generation was found to be very good. An advantage of the difference frequency technique over that of harmonic generation or the sum frequency is in the measurement of materials having an acoustic attenuation coefficient so large that the signal level from the higher frequency components is to low for reliable or accurate measurements.
STRUCTURE DEPENDENCE OF THE NONLINEARITY PARAMETERS
Cantrell [31] has recently shown that for a given propagation mode the acoustic nonlinearity parameters are ordered according to the crystalline structure of the solid. Experimental data on 29 crystals of cubic symmetry were obtained from the literature from which the~ parameters along various modes of propagation were calculated. The range of values of~ for a given structure was found to be distinct and in most cases widely separated from the range of~ values of other structures. The influence of the type of bonding was inferred from a comparison of fcc-structured crystals. The ~·s for the fcc metallic-bonded crystals and the fcc van der Waals-bonded crystals were found to be approximately equal even though the difference in strength of the bonds is very large. The influence of the bonding on the value of the nonlinearity parameter was thus inferred to be small compared to that of the crystalline structure.
In order to explain these results Cantrell [31] proposed a model based in first approximation on a short-range, two-body, central-force potential <l>(r) of the Born-Mayer type written in the form [11] r <I>(r) =A exp[-B(--1)] ro (16) where r is the interatomic separation distance, r 0 is the equilibrium separation of nearest neighbor atoms, B is the "hardness" parameter, and A is the strength parameter of the potential. The Born-Mayer potential provides an excellent representation of the quantum mechanical exchange interaction between closed-shell cores of neighboring atoms. The ~ 1665 parameters, according to Eq.(2), are defined in terms of linear combinations of second-and third-order elastic constants of the crystal, and the elastic constants in turn are defined in Eq.(3) in terms of strain derivatives of the internal energy per unit mass. Considering only the static lattice contribution, Cantrell approximated the internal energy per unit mass by summing the Born-Mayer pair potentials over neighboring atomic pairs. The spatial rate of change of the Born-Mayer potential is found in a large number of solids to make a greater contribution to the elastic constants than does the electrostatic potential. Further, the Born-Mayer contribution becomes increasingly dominant as the order of the spatial derivatives, hence elastic constant, increases. These considerations lead to expressions in which the 13 parameters are functions only of the Born-Mayer B parameters and the geometrical arrangement of neighboring atoms, i.e. crystalline structure. The strength of the interatomic forces, i.e. bonding, does not enter the expressions at all. Calculations of the B parameters from the nonlinearity parameters are found to give values for many solids that are in good agreement with B paramters determined from other techniques, e.g. neutron scattering.
NEGATIVE NONLINEARJTY PARAMETERS
The nonlinearity parameters along the pure mode propagation directions in the cubic crystals considered above are generally found to be positive in sign, although the range and ordering of the parameters for a specific mode varies. A positive nonlinearity parameter leads to a distortion of the initially sinusoidal waveform into a "forward" sawtooth waveform. This is easily seen by writing the wave Eq.(1) in the form w E (17) where W £is defined as the "natural" velocity of the "linearized" wave equation [ 4] . The natural velocity is seen to depend on the nonlinearity parameter as well as on the localized strain (ClPJCla). For a region in the waveform corresponding to a compressional strain, (ClPJCla) < 0 and a postive value of~ implies that the compressional part of the wave travels with a greater velocity than does a region with zero strain. This leads to the forward distortion of the wave. In contrast, vitreous silica, an amorphous isotropic solid, is the only material so far measured to have a negative nonlinearity parmeter [32] . A negative nonlinearity parameter by similar arguments leads to a "backward" sawtooth disortion of an initially sinusoidal waveform.
The sign of the nonlinearity parameter leads to more dramatic effects in the generated static displacement. According to Eqs.(lO) and (11), a positive 13 should produce an expansion or dilation of the solid within the spatial extent of the propagating acoustic wave. This, indeed, was shown to be the case for ultrasonic tonebursts in single crystal silicon [5] . For Suprasil W1 vitreous silica, l 3 is negative and the above equations now predict a generated contractive pulse that again has been experimentally verified [5] . The contractive pulse itself, however, was found to give rise to the appearance of a secondary peak in the static displacement pulse profile. Concomitant with the appearance of the secondary peak was an amplitude-dependent velocity dispersion. It is well known that such dispersion combined with nonlinearity in the propagation medium is inherent to soliton generation. We believe that the appearance of the two peaks in the displacement amplitude profile is the result of the decomposition of the initial static displacement pulse into a finite train of solitons. This notion is supported by the fact that the ratio of the velocity of propagation of the two peaks in the profile is equal to the ratio of their heights, a distinct property of solitons. 1666 
IMPLICATIONS TO MATERIALS CHARACTERIZATION
The establishment of the acoustic radiation stresses, the static strains, and the structure dependence of the nonlinearity parameters in crystals has significant implications to the fundamental phenomenological understanding of solids, particularly with regard to their thermodynamic properties. If one considers a crystalline solid to consist of a large number of incoherent nonlinear acoustic radiation sources identified with the vibrating particles of the lattice, then randomization of the resulting acoustic field together with the assumption of a stochastically independent, fluctuating radiation field at the absolute zero of temperature leads to an expression of the temperature-dependent radiation field in terms of the zero-point field [33] . This leads directly to expressions for the thermodynamic state functions that intrinsically include the nonlinearity parameters as a direct measure of structure-dependent modal anharmonicity. These "nonlinear" state functions in turn lead to calculations of the thermal expansion coefficients [34] and the temperature dependence of the elastic constants [35] in terms of the nonlinearity parameters and modal acoustic energies of the crystal. Higher-order nonlinearity also has been found to play a fundamental role in explaining the temperature dependence of the sound velocity as a function of stress [36] , a potentially useful result for assessing residual or applied stresses in materials.
The observation of bulk solitary wave generation and acoustic radiation-induced static contraction in vitreous silica may be of some significance in the statistical mechanical treatment of amorphous structures [37] , a subject of considerable current interest. Vitreous silica is known to have a negative thermal expansion coefficient at low temperatures where long wavelength vibrational modes dominate the dynamical properties. At higher temperarures, where the expansivity is positive, the short wavelength vibrational modes become more populated and the lattice dynamics is dominated by a local quartz-like structure having positive nonlinearity parameters along the pure mode acoustic propagation directions. The sign of the thermal expansivity at high and low temperatures is thus reflected in the sign of the nonlinearity parameters appropriate to the atomic structure "seen" by the dominant lattice vibrations at that temperature.
Measurements of acoustic nonlinearity parameters also have found use in the characterization of material hardness [38] and in the characterization of the heat treatment of metallic alloys [39, 40] . The latter findings reflect the sensitivity of quadratic nonlinearity to the variation in volume fraction of second phase precipitates formed in the various heattreatments. Finally, although nonlinear acoustic measurements have been applied previously to the evaluation of fatigue in metallic alloys [ 41] , the recent advances summarized above in understanding the role of acoustic nonlinearity in material properties have led to a revitalised current research interest in fatigue studies. These and other applications of acoustic nonlinearity to the nondestructive evauation of engineering materials are reviewed elsewhere in these proceedings [42] .
